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Abstract Based on a new measure of entanglement for finite-dimensional bi-particle pure
states, we give sufficient and necessary conditions that a bi-particle mixed state p can be
transformed into another mixed state o by local operations and classical communication
(LOCC). This result can be regarded as a generalization of Nielsen’s theorem (Nielsen,
Phys. Rev. Lett. 83:436, 1999). However, we find that it is more difficult to determine the
entanglement transformations between mixed states than to do between pure ones.
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1 Introduction

In recent years majorization has received renewed attention in quantum information theory,
mainly as a result of Nielsen’s discovery that exposes the necessary and sufficient condi-

tions for pure bi-particle entanglement transformations [1]. According to Nielsen’s theorem,

Lrocc . . . .
|p) —— [¥) & Ay < Ay, that is, the transformation between two pure bi-particle states

|¢) — |¢) can be performed by means of local operations and classical communication
(LOCC) if and only if A4 < Ay, where Ay denotes the vector of Schmidt coefficients of

tr4(|¢) (¢|). This result has been extended by Jonathan and Plenio [2] to the case where the

probabilistic transformation |¢) Locq {pi, 1Y)} can be accomplished iff Ay, < )", piAy,.

Moreover, according to the Schmidt decomposition [3], the reduced density operators p4
and pp have the same Schmidt number. We hence consider that the entanglement of pure
bi-particle states are completely determined by their Schmidt coefficients. So the Von Neu-
mann entropy has been accepted as a canonical measure of entanglement for pure bi-particle
states.
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However, in practical application people have to deal with mixed states rather than pure
ones due to decoherence. This begs the question: Is majorization a suitable tool for trans-

formation from one mixed state into another one? If it is not true, what is the condition of

p £2°5 59 A function f : R? — R s said to be Schur-convex if x < y = f(x) < f(y)

[4]. The consequence of this result is that the Von Neumann entropy is a Schur-concave,
thatis, A, < A, == S(p) = S(o). However, the Schumucher noiseless coding theorem for
quantum information [5] implies that the maximum rate of error-free quantum information
transmission is S(p) qubits per signal. If S(p) > S(o) holds, then clearly the coding theorem
will be violated [6]. Now we have to find other measurements to quantify the entanglement
of mixed states. Gour considered an essentially different type of measure of entanglement
for two-qubit quantum systems [7]. For any two-qubit pure state |@) = +/A|00) + +/A;]11)
the author defined the entanglement as follows:

for x < u,

Eu(lg)) = fux) = {1?

forx > u

with V 0 < o < 1, where x = 2min{Ag, A1}. In fact x is the infimum of f(x), that is,
x =inf,cp0,11 f (x) (see Fig. 1).

Based on this definition, Gour gave necessary and sufficient conditions for entangle-
ment transformation between two probability distributions of two-qubit pure states by
LOCC. However, this result cannot be viewed as the entanglement transformation between
two-qubit mixed states by LOCC. For example, let p = 3[®T)(DF| + 5|P~)(P | and
o = |®T)(dF| with |dF) = % It is well known that p cannot be transformed to o by
LOCC, although they still meet the condition mentioned in Ref. [7]. In fact, the main rea-
son is that f,,(x) is no longer competent to measure the entanglement of d x d-dimensional
pure states. In this paper, we first define a new entanglement measure for finite-dimensional
bi-particle pure states, then present the necessary and sufficient conditions for entanglement
transformation of d x d-dimensional mixed states, where d is arbitrary finite number.

2 The Condition for Entanglement Transformation Between d x d-Dimensional
Mixed States

We first summarize briefly some basic concepts and results that are needed for further treat-
ment. An ensemble of pure states £, which is usually represented by {p;, |¥;)}, is character-
ized by a finite set of positive numbers p; (3, p; = 1) and a corresponding set of normalized
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vectors |1;) of the Hilbert space H [8]. The density operator p (a trace, semi-definite posi-
tive operator) associated to {p;, |{;)} is defined as:

p=Y plUwil, D pi=1, p=0 e))
i=1 i=1

As is well known, the correspondence between ensembles and density operators is def-
initely many to one. In the light of this point, let us consider the set of all ensembles of
quantum systems as a whole. Consequently, such a set can be naturally endowed with an
equivalence relation. Let [po] denote the set of ensembles corresponding the density opera-
tor p.

Definition 2.1 [9] We say that two sets of ensembles [p] and [o’] are equivalent iff p = p'.

Remark 2.2 Tt is obvious that the relation defined above is reflexive, symmetric and transi-
tive, and it leads to a partition of all ensembles.

Following the ideas presented in [7], we first discuss the entanglement transforma-

tion between two ensembles {p;, |{;)} ——> rocq {qj,1¢;)}. Suppose Alice and Bob share a

pure state [vr), and then perform a quantum operation ¢ which outputs the pure states
|Y¥i)(@ =1,2,...,n) with probability p;. We then consider that Alice and Bob obtain an
ensemble {p;, |v;)}. Alice and Bob perform again quantum operations ¢, which output the
pure states |¢;) with conditional probability p;; for all the possible outcome states, that
is, e/ (i) (Yi]) = Zj pjil@;){(¢;|. Thus, the transformation &’ = (&}, ), ..., €,), defined
between the ensembles {p;, [;)} and {q;, |¢;)}, outputs the states |¢;) with probability
=Y, pipji> thatis, &' 2, pilya)(Yul) = 3=, ; pipjild;) (] with g; = 3, pipji, where
e
In the rest of this paper, we discuss the mixed states from the state space B(H®?) over
d-dimensional Hilbert space H.

Definition 2.3 Let x = (xq, x2, ..., xg) be thAe vector of decreasingly ordered Schmidt coef-
ficients of tra (|y)(¥|) in B(H). We define E;(|v/)) as follows:

d
E_,(|1/;))=Z%A1, j=2,3,....d, Yke (0,1]. Q)

i=j

Remark 2.4 1t is easily found that E j(Iy)) is the infimum of the entanglement monotone
which was defined in Ref. [10]. Indeed, it is an entanglement monotone. In fact, for any

j=23.....dwehave Y, piE;(1yi) =3, B A pi = E; (X pilyn).
For an arbitrary mixed state p € B(H®?), we take

Ejpy=" min = > pEi(v) (j=2.3,...d). 3)
p=3 plvndnl !

For brevity, we shall write min, Y, p\” E;(|y\")) instead of the right hand of (3). Since
Zfl lx,(f ) =1 for fixed ¢ and I, we can choose d — 1 elements of x,(i’) as free variables.
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(t0q)
X1d

As E (|¥)) is an entanglement monotone, there exists |1//(“)) such that Zz pi(F%

1) =min, ), p; [)(X"’ A 1) [11]. Similarly, we can find |1//l )( =2,3,. — 1) such
that 3, pr (e = ” A1) =min, ¥, p” (XL _; X’k’ A 1). Construct a set of |1/f(°)) such
that (x(t‘”) xl(é‘”), ey l;,"d)) are their vector of decreasingly ordered Schmidt coefficients,
where x( oi) (i=1,2,...,d) meet the conditions that mentioned above. Therefore, we can

make sure that there always exists at least an ensemble {p”, [*)} such that E;(p) =

> pEj ().

Remark 2.5 An ensemble that achieves the minimum in (3) is referred to an optimal one in
this paper.

Let {p;, |1¥:)} and {g;, |¢;)} be two optimal ensembles of bi-particle mixed states p and
o in B(H®?) over d-dimensional Hilbert space H, respectively. We say

Definition 2.6 p 225 o if {p;. [vi)} 2255 (q;. 1))}

Remark 2.7 We consider Definition 2.6 is reasonable. This means that p LOCC & if each
ensemble of p can be transformed into an optimal ensemble of o by LOCC. Otherwise
p -+ o by LOCC.

Returning to the problem of entanglement transformations between two bi-particle mixed
states. We have

Theorem 2.8

o Loce ifandonlyifE;‘(P) ZEA'J'((T), j=2,3,...,d. “4)

Proof 1t is easy to testify that the right hand of (4) satisfies the conditions of entanglement
monotones. Since LOCC cannot increase the entanglement of state, E;(p) > E;(0) (j =
2,3,...,d) holds. O

Having proved the necessity of the conditions for entanglement transformations, we shall
demonstrate the sufficiency. We first consider the 4-dimensional case, which demonstrates
the essential idea of the general proof. Assume that {p;, |V;)} ( =1,2,...,n) and {q;, |¢:)}
(I=1,2,...,m) are two optimal ensembles of arbitrary mixed states p and o, respectively.
Let x; = (x1, Xi2, Xi3, X;4) and y; = (y11, Y2, Y13, Y1a) be the vector of decreasingly ordered
Schmidt coefficients of tra (|v;)(v;]) and tra(|¢r)(¢;]), respectively. Then E_,» (p) = Ej (o)
(j =2,3,4) can be rewritten as

Zp,(@M) Zq,(y? 1) ®
ipl(m ) i (y,3+y,4 1>! ©

i=1
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Fig. 2 The possible partial order relations of x, x’, y, y’

- Xia + Xi3 + Xia - Yj2+Yj3+ Y4
Zp,(fAl)zZq,(TM ©)

i—1 j=I

with Vk € (0, 1]. Without loss of generality, we assume m = n = 2. For convenience, let

x = (x1, X2, x3,x4), X' = (x], x5, X5, x4), y = (1, y2, y3, ya) and y" = (y{, ¥5, ¥5, y}) de-
note the vector of Schmidt coefficients of tra(|v){¥1]), tra(|¥2){(V2]), tra(l¢1){p:1]) and

tr4(|¢2) (¢2]), which arranged into decreasing order, respectively. {p;, |¥;)} ﬂ) {g;,|9;)}

if and only if there exists a set of p;; such that x < g1y +¢,y and x’ < g;y+¢>y’. According
to [2], it means that there exists a set of p;; such that

X4 > puys+ puyis ®)

X4 > proys+ puyi, (8)

X3+ x4 > pr(ys +ya) + pa (3 +y5), )

x5+ x4 = pra(yz + ya) + pa(ys + ), Ch)

X2+ x3+ x4 > pru(a+y3+ya) + pa (s + Y5+ v, (10)

x5+ x5+ x5 = pra(y2 4+ y3 + ya) + pa(yy + ¥5 + yy)- 10"
Locc

Note that {p;, |¥;)} —— {q1, |¢;)} becomes transformation between pure state and ensem-
ble in the case of x = x’ [2]. We thus assume x # x" and y # y'.

(I) x < x’, y < y'. This case implies that x’ > y’. The reason is that at least one of the
three inequalities x; > y;, x5 + x4 > ¥4 + v, x5 + x5 + x4 > y5 + ¥, + y; does not hold if
x" A y'. Without loss of generality, we assume x; < y,. However this contradicts the fact
that take k = y, in (5). Since the majorization < is a partial order relation [12], we now
discuss the possible options according to the partial order of x, x’, y, y" as follows:

(1) If x” < y. Since the majorization is transitive, we get x < x’ <y <y’ (see Fig. 2(a)).

It is easy to prove the following fact:

Lemma 2.9 Ifx <yandx <y',then x <ty + (1 —t)y' foranyt € [0, 1].

By Lemma 2.9, x < p11y + p21y’ and x” < py1y + p2ny’ hold for arbitrary py; and p»;.

This means {p;, |;)} Locq {g;: o))}

(i) If x < y < x" <y’ (see Fig. 2(b)). According to Lemma 2.9, x <ty + (1 —¢)y’ for
any ¢ € [0, 1]. Thus, it is sufficient to testify that (8')—(10") hold. Note that (8) <

P12 < (0 — v/ (s — yy). an
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Since p1p11 + p2p12=¢q1, (11) &
i+ p2(xy—y)/(a—yy) = qu. (12)

The reason is that the following lemma holds:

Lemma2.10 Vp;,a; (i =1,2,...,n) € [0, 1], if there exists a € [0, 1] such that Zl'.l:l pia; =
a, then Y ., p;a; > a if and only if there exists at least a set of a; such that a; < a; for all
1<i<n.

Proof Obviously Z:’Zl pia; > a holds if we assume a; < q; forall 1 <i <n. O

We induct on n. In this case n = 2, since pya; + p.a, > a, we have pi(a; — a;) +
p2(ay — ap) > 0. This implies that a; < a] or a, < a), holds. Without loss of the generality,
we suppose a; < a;. Note that p,(a} — ay) > pi(a; —a}). Take a; = aj, then p,(a) — az) >
max,, {pi(a; — ay)} = 0. Furthermore, we can get a, such that a, < a}. Next we assume the
result is true up to 7, and try to prove it for n + 1. Similarly we have > ;_, p;(a] — a;) > 0.
This implies that there exists at least an a; such that g; < a] holds. Without loss of the
generality, we suppose a; < aj. Note that ) ;_, p;(a] — a;) > pi(a; — a}). Take a; = a]
(i=2,3,...,n),then > |_, p;i(a] —a;) > max,, {pi(a; —a})} = 0. The inductive hypothesis
implies that there exist a; such that a; <a] forall 1 <i <n.

Equation (12) can be rewritten as:

P1Ys + Paxy > q1ya + g2} (13)

The equation can be got by taking k = y,4 in (5).
Similarly (9') <

O3 +x) =G5 +y0)

pi+p o =41 (14)
BT e
Equation (14) can be rewritten as:
P13+ ya) + pa(xs +x3) = 1 (v + va) + g2 (y3 + yy). (15)

The equation can be got by taking k = y3 + y, in (6). Equation (10") &
Pr2+ Y3+ 30+ pr(xy + X3+ x) = @2+ ys Hy) @y ). (16)

The equation can be got by taking k = y, + y3 + y4 in (7). Obviously (8')—(10") hold if set

xy— v, (5 +x)— 5+ ) (x§+x§+x4)—(y§+y§+y4)}

P12 = mln{ 7 ’ "N’ ’ / ’
Yo=Yy +y)—3+y) 2+y3+ya)— 3+ ¥+ yy)

Hence (8')—(10") can be obtained by taking k = y4, y3 + y4 and y> + y3 + y4 in (5)—(7).
(iii) If y < x < x” < ¥’ (see Fig. 2(c)). Note that (8) <

pii < (xa = y)/(a — ¥)- )
According to Lemma 2.10, (8) and (8') &

X4—y/ X —
1 f+ )2 yz,‘
Y4 = Yy V4 — Yy

Zq1- (18)
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Fig. 3 The possible partial order x
relations of x, x’, y, ¥’
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Equation (18) can be rewritten as:
PiXa + p2Xy > qiys + @2, (19)
The equation can be got by taking k =1 in (5).
Similarly (9) and (9') &
P13 +xa) + pa(xy +x3) = g1 (v + ya) + q2(v5 + ¥)). (20)

The equation can be got by taking k = 1 in (6). Equations (10) and (10") <
Pro+x3+x) + (s + x5+ x) = qi(n+ys+y) @0+ yi+y). @21
The equation can be got by taking k = 1 in (7). Obviously (8)—(10) hold if set

Xs—yy (3+x)—O5+y) (o+x; +X4)—()’§+)’§+yf;)}

pllsmin{ R / N / / /
Yo=Yy 3ty —3+y) (2+y3+y)— O+ y3+y)

Hence (8)—(10) and (8')—(10") can be obtained by taking k = 1 in (5)—(7).

@iv) If x" || y, that is, x’ %* y and y 3 x’ (see Fig. 2(d)). This case implies that one or two
of the following three inequalities xj > y4, X5 + x4 > y3 + Y4, X3 + x5+ X, = Yo + 3+ 4
should not hold. At first, let us consider this case when one of the three inequalities does not
hold. Without loss of the generality, we assume x5 + x; < y3 + y4. Thus, we only consider
the condition which (9) holds. Note that (9) &

X+ x,—(v3—ya) x5+ x5 — (3 — ya)
<=2 ; ; p1+pr—2——2 ; — > q1-
Y3t ya— 3ty y3tya— 3+

P12 (22)

Equation(22) can be rewritten as (20). It can be got by taking k = y3 + y4 in (6).

When two of the three inequalities do not hold, without loss of the generality, we assume
xy < ys and x) + x5 + x; < ¥, + y3 + y4. Thus we consider the condition in which (8) and
(10) hold. Similarly (8) < (13) can be got by taking k = y, in (5).

Similarly (10) < (21) can be got by taking k = y, + y3 + y4 in (7).

W Ifx<x'<y,y<y and x| y, x" || y (see Fig. 2(e)). This case is similar to (iv).

(vi)Ifx <x’, y <y, x <y and x || y (see Fig. 2(f)). This case is similar to (iv).

(D) If x || x’, y < y'. Although their partial order relations have seven possible options, it
is sufficient to only consider the case of x || x’, x’ || y and x || y (see Fig. 3(a)).

It means that one or two of three of inequalities should not hold in the following set of
inequalities, respectively:

Xy > X, X4 > ya,

X5+ X} = x3 + x4, X3+ X4 > Y3+ Y4,

!’ / /

Xy + X3+ x4 = X2 + X3 + Xy, X2 +x3+ x4 = y2+ Y3+ Y4,
/
X4Zy4»

Xy 4+ X, > y3+ ya,
Xy 4+ x5+ x> yo 4+ y3+ ya.
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For convenience, let the sign 1 denote that the inequality holds while O denote the in-
equality does not. For example, 101 denotes x4 > x, x3 + x4 < x} + x4 and xp + x3 + x4 >
xb+x5+x). (101)T denotes x4 > x}, x; < ys and x4 > y4. Furthermore, (101)T(101)T(101)T
denotes

Xy > Xq, X4 < Y4,

X+ x> x5+ xg, X3+ X4 < Y3+ Y4,

Xy 4 x5+ x> x0 4+ x3 + x4, X2+ X3+ X4 < Y2+ Y3+ Y4,
Xy > Y4,

X3+ x4 > y3 + ya,

Xy 4+ x5+ Xy = y2 + y3 + 4

It is not trivial to consider the possible options of these inequalities hold. In other words, we
are to discuss the possible options of 0 and 1.

(i) Each column has only one 0 in (---)T(---)T(---)T. There have 15 possible options of
O and 1.
(ii) There exists one and only one column that has two 0 in (---)T(---)T(---)T. There are
12 + 14 + 5 =31 possible options of 0 and 1.
(iii) There exist two columns that have two Oin (---)T(---)T(---)T. There are 6+ 15+ 15 =
36 possible options of 0 and 1.
(iv) Each column has two Oin (---)T(---)T(---)T. There are 11 possible options of 0 and 1.

Without loss of the generality, we discuss the case (011)T(110)T(011)T, the other cases
can be deduced similarly. In this case, we have x; > x4 > y4, X3 + x4 > x5 +x;, > y3+ 4
and x; +x3 + x4 > y2 + y3 + y4 > x5 + x5 +x. Since x > y" and x’ > y’, thus it is sufficient
to consider the condition that (10") holds. Note that (10") &

pp < 2T+ E = 0t y3+)0)

< P (23)
Y2+ y3+ya—(y+y3+ )

Equation (23) can be rewritten as (21). It can be got by taking k = y, + y3 + y4 in (7).
A Ifx>=x", x|y, x||y,x |y, x ||y and y || y’ (see Fig. 3(b)). It means that one or
two of three of inequalities should not hold in the following set of inequalities, respectively:

X4 = Y4, X4 >y,

X3+ x4 > y3+ s, X3+ X4 = Y5+ v,

X2 +Xx3+Xx4 > Y2+ Y3+ ya, X2 4+ X34+ x4 = ¥y 4+ y5+ yi,

Xy > Ya, Xy >V

Xy + x4 > y3+ ya, X5+ X, > v+,

X+ x5+ x>+ Y3+ ya, Xy 4+ x5+ x> yh 4+ v+ v,
V4 = Ya,

y3+ya = v+,
Y2+ ys+ya= vy + v+ v

Similar to (II), we first discuss the possible options of 0 and 1.

(i) Each column has only one 0 in (---)T(---)T(---)T(---)T(---)T. There are 9 possible
options of 0 and 1.
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(ii) There exists one and only one column that has two Oin (---)T(---)T(-- )T (- )T )T,
There are 0 + 0 4 15 4+ 3 + 7 = 20 possible options of 0 and 1.

(iii) There exist two columns that have two 0 in (---)T(---)T(¢---)T(--)T(---)T. There are
0+14+0+0+04+040411+9+2 =23 possible options of 0 and 1.

(iv) There exist three columns that have two 0 in (---)T(---)T(---)T(---)T(---)T. There are
0+0+0+26+14+0+7+0+1++30=065 possible options of 0 and 1.

(v) There exist four columns that have two 0 in (---)T(---)T(---)T(---)T(---)T. There are
4+23+ 12404 0= 239 possible options of 0 and 1.

(vi) Each column has two 0 in (---)T(---)T(--)T(---)T(---)T. There are 11 possible op-
tions of 0 and 1.

MV Ifx | x,x |y, x|y, x| y,x" ||y and y || ¥ (see Fig. 3(c)). It means that one or
two of three of inequalities should not hold in the following set of inequalities, respectively:

Xy > X4, X4 = Y4,

x5+ x> x3 + Xy, X3+ X4 = ¥3 + Y4

Xy 4 x5 4 x5 > X0 4 x3 + x4, X2+ x3+ X4 = Y2+ Y3+ ya,
X4 > Y Xy = Ya,

X3+ X4 > Y5+ ), X3+ X, > y3+ ya,

X2+ X3+ X4 > ¥y + Y5+ Xy + x5+ x5 > y2 + y3 + 4,
X4 =y V4 = Vi

x5+ x> ¥+ v, Vit ya =i+ vy,

X x5+ x> v+ ¥+ 2+ Y34y =Yy + Y+ v

Similar to (II), we first discuss the possible options of 0 and 1.

(i) Each column has only one 0 in (---)T(-)T(¢--)T(¢---)T(---)T(---)T. There are 108
possible options of 0 and 1.

(ii) There exists one and only one column that has two O in (---)T(---)T(---)T(--)T(-- )T
(---)T. There are 30 + 49 + 41 + 120 + 78 + 82 = 400 possible options of 0 and 1.

(iii) There exist two columns that have two O in (---)T(--)T(--)TC-HTCE-HT(C-H)T.
There are 95485 +24+42+4+78+30+444+77+33+544+14+234+83 4+ 68 +24 =
774 possible options of 0 and 1.

(iv) There exist three columns that have two 0 in (---)T(--)T(-- )T HTC-HT(C- )T
There are 113 +42+4+74+41+344+194+47+ 18+ 184+ 144+39+5+ 83+ 19+
54 4+ 77+ 92 + 25 4 23 + 6 = 843 possible options of 0 and 1.

(v) There exist four columns that have two Oin (---)T(-- )T(-- )T+ )T(--)T(---)T. There
are 91 +954+934+36+19+314+464+67+28+724+18+3+17+39+23 =678
possible options of 0 and 1.

(vi) There exist five columns that have two Oin (---)T(---)T(--)T(¢+)T(-)T(--)T. There
are 102 + 114 4+ 57 + 24 + 29 + 74 = 400 possible options of 0 and 1.

(vi) Each column has two 0in (---)T(---)T(---)T(-- )T(---)T(---)T. There are 82 possible
options of 0 and 1.

As the argument above, we take (001)T(001)T(110)T(110)T(010)T(110)T as an example.
In this case we have x; > ys > x4 > yj, X5 +x, > y3+y4 > x3+x4 >y, +y; and y; + y; +
Yy > X2+ x3+ x4 > y2 4+ y3+ ¥4 > x5 + x5 + x;. Now we are to look for the condition that
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(8), (9), (10) and (10") hold. As discussed above, (8)< (17), (9) < (22), (10) and (10) <
(21), where we take

X4 =y, (3+x)— (5 +yy) (024 x34+x4) —(y§+y§+yi)}

pllfmin{ ’? ’ AN / ’ ’
Va—=Yy +y)—5+y) 2+yi+y)— O+ ¥ +yi)

and
P2 < (xz +x3 +x4) (y2+y3 +y4)
Tty — b+ Y+

Equations (17), (22) and (21) can be got by taking k = 1, y3 + y4 and 1 in (8), (6) and (7),
respectively. In a word, any case can be deduced to the ones that mentioned above.
The general case can be deduced similarly. Let x; = (x;1,Xi2,...,%;y) and

vi = i1, Y2, - - - yYia) denote the vector of decreasingly ordered Schmidt coefficients of

tra(1¥:) (¥ ]) and tra (1) (1)), respectively. As mentioned above, {p;, [i)} ——— {qu. |1))

if and only if there exists a set of py; such that x; < ZS=1 psiys for all 1 <i <n. In other
words,

d m

d
inlizsziyxh 2<j=d. 24
1=

I=j s=I
It is sufficient to obtain (24) from the right hand of (4). So we should consider the possible
options according to the partial order of x;, y;(1 <i <n, 1 <l <m). Without loss of the gen-
erality, we only consider this case when x1, x5, ..., X,—1 < y1 < X, < Y2, ..., Ym- The other
cases can be deduced similarly. Then, it is sufficient to ensure that x, < > | ps»ys holds.
In other words, Zf:j Xp > 27:]- > psnyst (2 < j <d) have to hold. We take j =d as
an example. The other cases can be deduced similarly. Note that x,,; > ZT:1 PsnYsd <

m—1
Xnd — Ymd Ysd — Ymd
pip < LTI NP 2 T (25)
Yid = Yma 5 Yid = Ymd
Moreover,
Ysd — ym 1d — Ymd Ym—1d — Ymd
Z = Zp 7(1_p1n_pmn)~
=2 Yid — yma' Yid — Ymd =2 Yid — Ymd

To make sure that (25) holds, it is sufficient to ensure

Xnd — Ymd Ym—1d — Ymd
Pin S “ m +pmn - n . (26)
Yid — Ymd Yid — Ymd

Since VY p,., € [0, 1], it is sufficient to make sure

Pin < Xnd — Ymd 27)
Yid — Ymd

Since g1 = Y1, pip1i, by Lemma 2.10 27) <

xnd ymd
Z pi+ > q1. (28)
yld — Ymd

@ Springer



Int J Theor Phys (2011) 50: 95-105 105

Equation (28) can be rewritten as

n—1 m
Z pi (yld - ymd) + DPnXnd = q1Y14d + quym—ld + pn(yma' - ym—la')- (29)
i=1 s=2

It is sufficient to make sure

n—1 m

> PO = Ymd) + Pu¥nd = @1¥1a+ Y GiVm-1d- (30)
i=1 s=2

Equation (30) can be got by taking k = yy4 in the right hand of (4). In a word, in terms of
the partial order of x;, y; (1 <i <n, 1 <[ <m) we can always find a proper k such that (24)
can be deduced from the right hand of (4).

In summary, we show the necessary and sufficient conditions for entanglement transfor-
mation between d x d-dimensional mixed states, which can be regarded as the generalization
of Nielsen’s theorem. Furthermore, we find that Gour’s conjecture is incorrect (see Ref. [7]).
We believe that our results will prove fruitful in further developments on mixed state entan-
glement. Perhaps it also provides a good starting point to better understand the relationship
between entanglement and distillation of mixed state.
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